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ABSTRACT: In this paper, the definition of Lattice Valued Picture Fuzzy Set (LVPFS) has been introduced by 

inducing the concept of lattice to picture fuzzy set. Some of the basic set operations for the Lattice Valued Picture 

Fuzzy sets are defined and their properties are investigated with examples.  
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I. INTRODUCTION 

 

Most real-world issues involve ambiguity and uncertainty in the data. In many disciplines, including Engineering, 

medical sciences and Economics, handling such data is a major problem. To address this concern, Zadeh [1] introduced 

fuzzy sets. Cases when an element partially fits into a set were handled well by fuzzy sets. However, inadequate data 

led to uncertainties in certain circumstances that fuzzy sets were unable to address. Atanassov [2] proposed idea of 

Intuitionistic fuzzy sets. Neutrosophic Sets had been introduced by Smarandache [3]. Following this, Cuong [4] 

described a novel concept by adding a grade of neutral membership and termed it Picture Fuzzy Set. The Inconsistent 

Intuitionistic Fuzzy Sets (Ternary Fuzzy Set and Picture Fuzzy Set) are special cases of Neutrosophic Set [5]. Yuan and 

Wu [6] induced fuzzy set’s concept in lattice theory. The concept of Lattice Valued Intuitionistic Fuzzy Set was 

introduced by T. Gerstenkorn, A. Tepavĉević [7]. Jose James and Sunil C. Mathew [8] introduced Lattice valued 

Neutrosophic Sets. 

 

In the current article, we define LVPFS and extend notion of picture fuzzy sets to the theory of lattices. The definition 

of set operations and an analysis of their associated properties have been presented. 

 

II. PRELIMINARIES 

 

Definition 2.1: [4] A picture fuzzy set 𝐴 = {〈𝑎̂, 𝜇𝐴(𝑎̂), 𝜂𝐴(𝑎̂), 𝜈𝐴(𝑎̂)〉|𝑎̂ ∈ 𝑋̂} where 𝜇𝐴 (𝑎̂), 𝜂𝐴(𝑎̂), 𝜈𝐴(𝑎̂) ∈ [0,1] are 

called the positive, neutral and negative membership degrees of 𝑎̂ in 𝑋̂ and satisfy the following condition: ∀ 𝑎̂  ∈ 𝑋̂, 𝜇𝐴 (𝑎̂)  + 𝜂𝐴(𝑎̂)  + 𝜈𝐴(𝑎̂)  ≤  1. Now 1 − (𝜇𝐴 (𝑎̂)  +  𝜂𝐴(𝑎̂)  + 𝜈𝐴(𝑎̂)) could be called the degree of refusal 

membership of 𝑎̂ ∈ 𝑋̂. 

 

Definition 2.2: [4] The union, intersection, and complement for each pair of PFSs 𝐴 and B are described as follows: 

 

1. 𝐴 ⊆  𝐵 𝑖𝑓𝑓  𝑥 ∈  𝑋, 𝜇𝐴(𝑥)  ≤  𝜇𝐵(𝑥), 𝜂𝐴(𝑥)  ≤  𝜂𝐵(𝑥), 𝜈𝐴(𝑥)  ≥  𝜈𝐵(𝑥)             (1) 

2. 𝐴 =  𝐵 iff 𝐴 ⊆  𝐵 and 𝐵 ⊆  𝐴                 (2) 

3. 𝐴 ⋃ 𝐵 =  {〈 𝑥, 𝑚𝑎𝑥(𝜇𝐴(𝑥), 𝜇𝐵(𝑥)), 𝑚𝑖𝑛(𝜂𝐴(𝑥), 𝜂𝐵(𝑥)), 𝑚𝑖𝑛(𝜈𝐴(𝑥), 𝜈𝐵(𝑥))〉 | 𝑥 ∈  𝑋}          (3) 

4. 𝐴 ⋂ 𝐵 =  {〈 𝑥, 𝑚𝑖𝑛(𝜇𝐴(𝑥), 𝜇𝐵(𝑥)), 𝑚𝑖𝑛(𝜂𝐴(𝑥), 𝜂𝐵(𝑥)), 𝑚𝑎𝑥(𝜈𝐴(𝑥), 𝜈𝐵(𝑥))〉 | 𝑥 ∈  𝑋}          (4) 

5. 𝐴̅  =  {〈 𝑥, 𝜈𝐴(𝑥), 𝜂𝐴(𝑥), 𝜇𝐴 (𝑥) 〉 | 𝑥 ∈  𝑋}               (5) 

 

Definition 2.3: [9] Let P be a non-empty ordered set. If  x  y and x  y exist for all 𝑥, 𝑦 ∈ 𝑃, then P is called a lattice. 

Definition 2.4: [10] It “is said that a lattice L is distributive” if ∀ 𝑥, 𝑦, 𝑧 ∈ 𝐿, 𝑥  (𝑦  𝑧) =  (𝑥  𝑦)  (𝑥  𝑧) and  

 𝑥  (𝑦  𝑧) =  (𝑥  𝑦)  (𝑥  𝑧). 

 

Definition 2.5: [9] Consider” L “be a complete lattice & A, B ⊆ L. 

1. ∀ 𝑎 ∈  𝐿 and ∀ 𝐵 ⊆ 𝐿, 𝑎  (⋁ 𝐵)  =  ⋁ (a  b)𝑏 ∈ 𝐵                                                 (6) 

2. ∀ 𝑎 ∈  𝐿 and ∀ 𝐵 ⊆ 𝐿, 𝑎  (⋀ 𝐵)  =  ⋀ (a  b)𝑏 ∈ 𝐵                                                         (7) 
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Definition 2.6: [9] For a lattice (L, ≤), for any ∀ 𝑎, 𝑏 ∈  𝐿, 

1. a  b =  b ⇔  𝑎 ≤  𝑏                            (8) 

2. a  b =  a ⇔  𝑎 ≤  𝑏                                                                     (9) 

 

Definition 2.7: [9] Let (L,  ,  , 0, 1) be a bounded lattice with 0 & 1 denoting minimum as well as maximum 

elements correspondingly & let 𝑎 ∈  𝐿. Then 𝑏 ∈  𝐿 is known as a complement of 𝑎 if a  b =  1 and a  b =  0. A 

bounded lattice with complement for each member is called complemented lattice. 

 

Definition 2.8: [9] If (L,  , ) is a complemented lattice in which each element has a unique complement, then unique 

complement of 𝑎 is represented” by 𝑎′. 
 

Definition 2.9: [9] We refer to a complemented distributive lattice as a Boolean lattice.  

 

III. LATTICE VALUED PICTURE FUZZY SET 

 

Definition 3.1:  Let ℘ be the universe and ℒ be a nontrivial complete boolean lattice. A Lattice Valued Picture Fuzzy 

Set (LVPFS) ℭℒ = {〈 𝓊̇, 𝜁(ℭℒ)(𝓊̇), 𝜄(ℭℒ)(𝓊̇), 𝜗(ℭℒ)(𝓊̇) 〉 | 𝓊̇ ∈ ℘} where 𝜁(ℭℒ): ℘ → ℒ is positive membership degree, 𝜄(ℭℒ): ℘ → ℒ  is the neutral membership degree and 𝜗(ℭℒ): ℘ → ℒ is the negative membership degree. 𝜋(ℭℒ)(𝓊̇)  =  (𝜁(ℭℒ)(𝓊̇)   𝜄(ℭℒ)(𝓊̇)  𝜗(ℭℒ)(𝓊̇))′ is the refusal membership degree of 𝓊̇ in ℭℒ. 

 

Remark 3.2: All lattices we consider here are assumed to contain the lower bound 0ℒ and the upper bound 1ℒ . 
 

Example 3.3: Let ℘ =  {𝓊̇1, 𝓊̇2} and the lattice as in Fig.1.  

 

 
 

FIGURE.1. Representation of Boolean lattice of order 3 

 ℭ1ℒ =  {〈 𝓊̇1, 𝑐, 𝑒, 1 〉, 〈 𝓊̇2, 𝑐, 𝑓, 𝑒 〉} and ℭ2ℒ =  {〈 𝓊̇1, 1, 𝑎, 𝑎 〉, 〈𝓊̇2, 𝑐, 𝑏, 0 〉} are LVPF sets in ℘ . 
 

Definition 3.4: Let ℭ1ℒ , ℭ2ℒ ∈  LVPFS (℘). Then ℭ1ℒ ⊆ ℭ2ℒ iff  𝓊̇ ∈ ℘,  𝜁(ℭ1ℒ)(𝓊̇) ≤ 𝜁(ℭ2ℒ)(𝓊̇), 𝜄(ℭ1ℒ)(𝓊̇) ≤ 𝜄(ℭ2ℒ)(𝓊̇), 𝜗(ℭ1ℒ)(𝓊̇) ≥  𝜗(ℭ2ℒ)(𝓊̇). ℭ1ℒ =  ℭ2ℒ iff ℭ1ℒ ⊆  ℭ2ℒ and ℭ2ℒ ⊆  ℭ1ℒ. 

 

Definition 3.5: The complement of a LVPF set ℭℒ is ℭℒ 𝑐 = {〈𝓊̇, 𝜗(ℭℒ)(𝓊̇), 𝜄(ℭℒ)(𝓊̇), 𝜁(ℭℒ)(𝓊̇)〉|𝓊̇ ∈ ℘}. 
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Definition 3.6: Let ℭ1ℒ , ℭ2ℒ ∈  LVPFS(℘). Then  𝓊̇ ∈ ℘, ℭ1ℒ  ⋃ ℭ2ℒ =  {〈 𝓊̇, 𝜁(ℭ1ℒ  ⋃ ℭ2ℒ)(𝓊̇), 𝜄(ℭ1ℒ  ⋃ ℭ2ℒ)(𝓊̇), 𝜗(ℭ1ℒ  ⋃ ℭ2ℒ)(𝓊̇)〉 | 𝓊̇ ∈ ℘} 

 

 where  𝜁(ℭ1ℒ  ⋃ ℭ2ℒ)(𝓊̇)  =  𝜁(ℭ1ℒ)(𝓊̇)   𝜁(ℭ2ℒ)(𝓊̇),                                                                   (10) ι(ℭ1ℒ  ⋃ ℭ2ℒ)(𝓊̇)  =   𝜄(ℭ1ℒ)(𝓊̇)  ι(ℭ2ℒ)(𝓊̇),                                                                     (11)  𝜗(ℭ1ℒ  ⋃ ℭ2ℒ)(𝓊̇)  =  𝜗(ℭ1ℒ)(𝓊̇)   𝜗(ℭ2ℒ)(𝓊̇).                                                                  (12) 

 ℭ1ℒ  ⋂ ℭ2ℒ =  {〈 𝓊̇, 𝜁(ℭ1ℒ  ⋂ ℭ2ℒ)(𝓊̇), 𝜄(ℭ1ℒ  ⋂ ℭ2ℒ)(𝓊̇), 𝜗(ℭ1ℒ  ⋂ ℭ2ℒ)(𝓊̇)〉 | 𝓊̇ ∈ ℘} where 

 

 𝜁(ℭ1ℒ  ⋂ ℭ2ℒ)(𝓊̇)  =  𝜁(ℭ1ℒ)(𝓊̇)  𝜁(ℭ2ℒ)(𝓊̇),                                                                    (13) ι(ℭ1ℒ  ⋂ ℭ2ℒ)(𝓊̇)  =   𝜄(ℭ1ℒ)(𝓊̇)  ι(ℭ2ℒ)(𝓊̇),                                                                      (14) 

  𝜗(ℭ1ℒ  ⋂ ℭ2ℒ)(𝓊̇)  =  𝜗(ℭ1ℒ)(𝓊̇)   𝜗(ℭ2ℒ)(𝓊̇).               (15) 

 

Here,  and  denote the join (or supremum) and meet (or infimum) of the lattice respectively. 

 

Theorem 3.7: Let ℭ1ℒ and ℭ2ℒ be two LVPF sets in ℘. Then ℭ1ℒ  ⋃ ℭ2ℒ and ℭ1ℒ  ⋂ ℭ2ℒ are LVPF sets in ℘. 

 

Proof: The proof is clear. 

 

Definition 3.8: The absolute LVPFS and null LVPFS are defined as 𝐼ℒ =  {〈 𝓊̇, 1ℒ , 0ℒ , 0ℒ 〉 | 𝓊̇ ∈ ℘} and 

 𝑂𝔏 =  {〈 𝓊̇, 0ℒ , 0ℒ , 1ℒ〉 | 𝓊̇ ∈ ℘} respectively. 

 

Theorem 3.9: The absolute LVPFS and null LVPFS satisfy the following equalities: 

1. 𝐼ℒ  ⋃ 𝑂ℒ  =  𝐼ℒ                          (16) 

2. 𝐼ℒ  ⋂ 𝑂ℒ  =  𝑂ℒ              (17) 

3. ℭℒ  ⋃ 𝐼ℒ =  𝐼ℒ                           (18) 

4. ℭℒ  ⋂ 𝑂ℒ =  𝑂ℒ                           (19) 

5. ℭℒ  ⋂ 𝐼ℒ  =  ℭℒ  ⋃ 𝑂ℒ =  (𝜁(ℭℒ), 0ℒ , 𝜗(ℭℒ))                           (20) 

 

Theorem 3.10: For ℭ1ℒ, ℭ2ℒ , ℭ3ℒ  ∈  LVPFS(℘), the following properties hold: 

1. (ℭ1ℒ𝑐)𝑐  =  ℭ1ℒ (Involution) 

2. ℭ1ℒ  ⋃ ℭ1ℒ = ℭ1ℒ and ℭ1ℒ  ⋂ ℭ1ℒ = ℭ1ℒ (“Idempotency) 

3. ℭ1ℒ  ⋃ ℭ2ℒ =  ℭ2ℒ ⋃ ℭ1ℒ and ℭ1ℒ ⋂ ℭ2ℒ =  ℭ2ℒ  ⋂ ℭ1ℒ (Commutativity) 

4. ℭ1ℒ  ⋃ (ℭ2ℒ  ⋃ ℭ3ℒ) =  (ℭ1ℒ  ⋃ ℭ2ℒ) ⋃ ℭ3ℒ and  

5. ℭ1ℒ  ⋂ (ℭ2ℒ  ⋂ ℭ3ℒ) =  (ℭ1ℒ  ⋂ ℭ2ℒ) ⋂ ℭ3ℒ (Associativity) 

6. ℭ1ℒ  ⋃ (ℭ2ℒ  ⋂ ℭ3ℒ) =  (ℭ1ℒ⋃ ℭ2ℒ)  ⋂ (ℭ1ℒ  ⋃ ℭ3ℒ) and  

7. ℭ1ℒ  ⋂ (ℭ2ℒ  ⋃ ℭ3ℒ) =  (ℭ1ℒ  ⋂ ℭ2ℒ) ⋃ (ℭ1ℒ  ⋂ ℭ3ℒ) (Distributivity) 

8. (ℭ1ℒ ⋃ ℭ2ℒ)𝑐 = ℭ1ℒ𝑐  ⋂  ℭ2ℒ𝑐
 and (ℭ1ℒ  ⋂ ℭ2ℒ)𝑐 = ℭ1ℒ𝑐  ⋃ ℭ2ℒ𝑐

 (De Morgan’s” Laws) 

 

Theorem 3.11: If ℭ1ℒ , ℭ2ℒ , ℭ3ℒ ∈ 𝐿𝑉𝑃𝐹𝑆(℘) and ℭ1ℒ ⊆ ℭ2ℒ, then 

1. ℭ1ℒ  ⋂ ℭ3ℒ ⊆ ℭ2ℒ  ⋂ ℭ3ℒ                   (21) 

2. ℭ1ℒ  ⋃ ℭ3ℒ ⊆ ℭ2ℒ  ⋃ ℭ3ℒ                  (22) 

 

Proof: 

Since ℭ1ℒ ⊆ ℭ2ℒ, then, 𝜁(ℭ1ℒ)(𝓊̇) ≤  𝜁(ℭ2ℒ)(𝓊̇), 𝜄(ℭ1ℒ)(𝓊̇)  ≤  𝜄(ℭ2ℒ)(𝓊̇), 𝜗(ℭ1ℒ)(𝓊̇)  ≥  𝜗(ℭ2ℒ)(𝓊̇). 

1. 𝜁(ℭ1ℒ)(𝓊̇) ≤  𝜁(ℭ2ℒ)(𝓊̇) ⇒ 𝜁(ℭ1ℒ)(𝓊̇)   𝜁(ℭ3ℒ)(𝓊̇)  ≤  𝜁(ℭ2ℒ)(𝓊̇)   𝜁(ℭ3ℒ)(𝓊̇) ⇒ 𝜁(ℭ1ℒ  ⋂ ℭ3ℒ)(𝓊̇)  ≤  𝜁(ℭ2ℒ  ⋂ ℭ3ℒ)(𝓊̇) 
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   𝜄(ℭ1ℒ)(𝓊̇) ≤  𝜄(ℭ2ℒ)(𝓊̇) 

  ⇒  𝜄(ℭ1ℒ)(𝓊̇)  ι(ℭ3ℒ)(𝓊̇)  ≤  𝜄(ℭ2ℒ)(𝓊̇)  ι(ℭ3ℒ)(𝓊̇) 

  ⇒   𝜄(ℭ1ℒ  ⋂ ℭ3ℒ)(𝓊̇)  ≤  𝜄(ℭ2ℒ  ⋂ ℭ3ℒ)(𝓊̇) 

 

  𝜗(ℭ1ℒ)(𝓊̇)  ≥  𝜗(ℭ2ℒ)(𝓊̇) 

  ⇒ 𝜗(ℭ1ℒ)(𝓊̇)  𝜗(ℭ3ℒ)(𝓊̇)  ≥  𝜗(ℭ2ℒ)(𝓊̇)  𝜗(ℭ3ℒ)(𝓊̇) 

  ⇒   𝜗(ℭ1ℒ  ⋂ ℭ3ℒ)(𝓊̇)  ≥  𝜗(ℭ2ℒ  ⋂ ℭ3ℒ)(𝓊̇) 

  

 Thus, ℭ1ℒ  ⋂ ℭ3ℒ ⊆ ℭ2ℒ ⋂ ℭ3ℒ. 

 

2. The proof is comparable to (i). 

Theorem 3.12: For any two LVPFSs ℭ1ℒ and ℭ2ℒ in ℘, ℭ1ℒ  ⋂ ℭ2ℒ ⊆ ℭ1ℒ, ℭ2ℒ. 

Proof:  

Let 𝓊̇ ∈ 𝒰̇. Then, 

 𝜁(ℭ1ℒ  ⋂ ℭ2ℒ)(𝓊̇)  =  𝜁(ℭ1ℒ)(𝓊̇)  𝜁(ℭ2ℒ)(𝓊̇)  ≤  𝜁(ℭ1ℒ)(𝓊̇), 𝜁(ℭ2ℒ)(𝓊̇)   

    𝜄(ℭ1ℒ  ⋂ ℭ2ℒ)(𝓊̇) =  𝜄(ℭ1ℒ)(𝓊̇)  𝜄(ℭ2ℒ)(𝓊̇)  ≤  𝜄(ℭ1ℒ)(𝓊̇), 𝜄(ℭ2ℒ)(𝓊̇)   

     𝜗(ℭ1ℒ  ⋂ ℭ2ℒ)(𝓊̇)  =  𝜗(ℭ1ℒ)(𝓊̇)   𝜗(ℭ2ℒ)(𝓊̇)  ≥  𝜗(ℭ1ℒ)(𝓊̇), 𝜗(ℭ2ℒ)(𝓊̇)   

 

Thus, ℭ1ℒ  ⋂ ℭ2ℒ ⊆ ℭ1ℒ, ℭ2ℒ. 

 

Theorem 3.13: ℭ1ℒ  ⋂ ℭ2ℒ =  ℭ1ℒ if and only if ℭ1ℒ ⊆ ℭ2ℒ. 

Proof:  

Let ℭ1ℒ ⋂ ℭ2ℒ =  ℭ1ℒ. Since ℭ1ℒ  ⋂ ℭ2ℒ ⊆ ℭ2ℒ, we have ℭ1ℒ ⊆ ℭ2ℒ. 

Conversely, suppose that ℭ1ℒ ⊆ ℭ2ℒ. 

Then, 𝜁(ℭ1ℒ)(𝓊̇) ≤  𝜁(ℭ2ℒ)(𝓊̇), 𝜄(ℭ1ℒ)(𝓊̇) ≤  𝜄(ℭ2ℒ)(𝓊̇), 𝜗(ℭ1ℒ)(𝓊̇) ≥  𝜗(ℭ2ℒ)(𝓊̇). 

 𝜁(ℭ1ℒ  ⋂ ℭ2ℒ)(𝓊̇) =  𝜁(ℭ1ℒ)(𝓊̇)  𝜁(ℭ2ℒ)(𝓊̇) =  𝜁(ℭ1ℒ)(𝓊̇)   

 ι(ℭ1ℒ  ⋂ ℭ2ℒ)(𝓊̇) =  𝜄(ℭ1ℒ)(𝓊̇)  ι(ℭ2ℒ)(𝓊̇) =  𝜄(ℭ1ℒ)(𝓊̇)   

 𝜗(ℭ1ℒ  ⋂ ℭ2ℒ)(𝓊̇) =  𝜗(ℭ1ℒ)(𝓊̇)  𝜗(ℭ2ℒ)(𝓊̇)  =  𝜗(ℭ1ℒ)(𝓊̇)   

Thus, ℭ1ℒ  ⋂ ℭ2ℒ =  ℭ1ℒ. 

 

Theorem 3.14: ℭ1ℒ ⊆ ℭ1ℒ  ⋃ ℭ2ℒ iff 𝜄(ℭ1ℒ)(𝓊̇) ≤  𝜄(ℭ2ℒ)(𝓊̇)  𝓊̇ ∈ ℘. 

Proof: 

Let ℭ1ℒ ⊆ ℭ1ℒ  ⋃ ℭ2ℒ. 

Then,     𝜄(ℭ1ℒ)(𝓊̇)  ≤  𝜄(ℭ1ℒ  ⋃ ℭ2ℒ)(𝓊̇) 

            =  𝜄(ℭ1ℒ)(𝓊̇)  𝜄(ℭ2ℒ)(𝓊̇) 

           ≤  𝜄(ℭ2ℒ)(𝓊̇) 

                ⇒ 𝜄(ℭ1ℒ)(𝓊̇) ≤  𝜄(ℭ2ℒ)(𝓊̇) 

 

Conversely, let 𝜄(ℭ1ℒ)(𝓊̇) ≤  𝜄(ℭ2ℒ)(𝓊̇). Then, 𝜁(ℭ1ℒ  ⋃ ℭ2ℒ)(𝓊̇)  =  𝜁(ℭ1ℒ)(𝓊̇)  𝜁(ℭ2ℒ)(𝓊̇)  ≥  𝜁(ℭ1ℒ)(𝓊̇) ι(ℭ1ℒ  ⋃ ℭ2ℒ)(𝓊̇)  =  𝜄(ℭ1ℒ)(𝓊̇)  ι(ℭ2ℒ)(𝓊̇)  =  𝜄(ℭ1ℒ)(𝓊̇) 𝜗(ℭ1ℒ  ⋃ ℭ2ℒ)(𝓊̇)  =  𝜗(ℭ1ℒ)(𝓊̇)  𝜗(ℭ2ℒ)(𝓊̇)  ≤  𝜗(ℭ1ℒ)(𝓊̇) 

 

Thus, ℭ1ℒ ⊆ ℭ1ℒ  ⋃ ℭ2ℒ. 

 

Theorem 3.15: ℭ1ℒ ⊆ ℭ1ℒ  ⋃ ℭ2ℒand ℭ2ℒ ⊆ ℭ1ℒ  ⋃ ℭ2ℒ iff 𝜄(ℭ1ℒ)(𝓊̇) =  𝜄(ℭ2ℒ)(𝓊̇)  𝓊̇ ∈ ℘. 

Proof: The proof is a consequence of Theorem 3.14. 
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Theorem 3.16: Let 𝜄(ℭ1ℒ)(𝓊̇) =  𝜄(ℭ2ℒ)(𝓊̇) for every 𝓊̇ ∈ ℘. Then, ℭ1ℒ  ⋃ ℭ2ℒ =  ℭ2ℒ iff ℭ1ℒ ⊆ ℭ2ℒ. 

Proof: Let 𝜄(ℭ1ℒ)(𝓊̇) =  𝜄(ℭ2ℒ)(𝓊̇). 

 ℭ1ℒ ⊆ ℭ2ℒ ⇔ 𝜁(ℭ1ℒ)(𝓊̇) ≤  𝜁(ℭ2ℒ)(𝓊̇), 𝜄(ℭ1ℒ)(𝓊̇) ≤  𝜄(ℭ2ℒ)(𝓊̇), 𝜗(ℭ1ℒ)(𝓊̇) ≥  𝜗(ℭ2ℒ)(𝓊̇) 

           ⇔ 𝜁(ℭ1ℒ)(𝓊̇)  𝜁(ℭ2ℒ)(𝓊̇) = 𝜁(ℭ2ℒ)(𝓊̇), 𝜄(ℭ1ℒ)(𝓊̇)  ι(ℭ2ℒ)(𝓊̇) = 𝜄(ℭ1ℒ)(𝓊̇),   
  𝜗(ℭ1ℒ)(𝓊̇)  𝜗(ℭ2ℒ)(𝓊̇)  =  𝜗(ℭ2ℒ)(𝓊̇) 

         ⇔ 𝜁(ℭ1ℒ  ⋃ ℭ2ℒ)(𝓊̇)  =  𝜁(ℭ2ℒ)(𝓊̇), ι(ℭ1ℒ  ⋃ ℭ2ℒ)(𝓊̇)  =  𝜄(ℭ1ℒ)(𝓊̇) =  ι(ℭ2ℒ)(𝓊̇) ,  
  𝜗(ℭ1ℒ  ⋃ ℭ2ℒ)(𝓊̇)  =  𝜗(ℭ2ℒ)(𝓊̇) 

         ⇔ ℭ1ℒ  ⋃ ℭ2ℒ =  ℭ2ℒ 

 

Theorem 3.17: Let ℭ1ℒ , ℭ2ℒ ∈ 𝐿𝑉𝑃𝐹𝑆(℘). Then, ℭ1ℒ ⋃ ℭ2ℒ =  ℭ1ℒ  ⋂ ℭ2ℒ = ℭ1ℒ if ℭ1ℒ = ℭ2ℒ. 

Proof: The proof is clear. 

 

Remark 3.18: Theorem 3.17's converse is not true. Consider two LVPFSs ℭ1ℒ and ℭ2ℒ such that 𝜁(ℭ1ℒ)(𝓊̇) =  𝜁(ℭ2ℒ)(𝓊̇), 𝜄(ℭ1ℒ)(𝓊̇) ≤  𝜄(ℭ2ℒ)(𝓊̇), 𝜗(ℭ1ℒ)(𝓊̇) =  𝜗(ℭ2ℒ)(𝓊̇).  

Clearly, ℭ1ℒ  ⋃ ℭ2ℒ =  ℭ1ℒ⋂ ℭ2ℒ = ℭ1ℒ but ℭ1ℒ ≠ ℭ2ℒ. 

 

Definition 3.19: A LVPFS ℭ1ℒ is equivalent to another LVPFS ℭ2ℒ (i.e) ℭ1ℒ ≡  ℭ2ℒ if and only if 

  𝜁(ℭ1ℒ)(𝓊̇) =  𝜁(ℭ2ℒ)(𝓊̇), 𝜄(ℭ1ℒ)(𝓊̇) ≤  𝜄(ℭ2ℒ)(𝓊̇), 𝜗(ℭ1ℒ)(𝓊̇) =  𝜗(ℭ2ℒ)(𝓊̇).                (23) 

 

Theorem 3.20: ℭ1ℒ  ⋃ ℭ2ℒ =  ℭ1ℒ⋂ ℭ2ℒ = ℭ1ℒ if and only if ℭ1ℒ ≡ ℭ2ℒ. 

 

Proof: The proof is a consequence of Definition 3.19. 

Theorem 3.21:  Let ℭ1ℒ , ℭ2ℒ ∈ 𝐿𝑉𝑃𝐹𝑆(℘). Then, 

1. ℭ1ℒ  ⋃ (ℭ1ℒ⋂ ℭ2ℒ) ⊆  ℭ1ℒ                           (24) 

2. ℭ1ℒ  ⋂ (ℭ1ℒ⋃ ℭ2ℒ) ⊆  ℭ1ℒ                           (25) 

 

Equality holds if 𝜄(ℭ1ℒ)(𝓊̇)  ≤  𝜄(ℭ2ℒ)(𝓊̇). 

 

Proof:  

By Theorem 3.12, ℭ1ℒ⋂ ℭ2ℒ ⊆ ℭ1ℒ. 

 ⇒  𝜁(ℭ1ℒ  ⋂ ℭ2ℒ)(𝓊̇) ≤ 𝜁(ℭ1ℒ)(𝓊̇), ι(ℭ1ℒ  ⋂ ℭ2ℒ)(𝓊̇) ≤  𝜄(ℭ1ℒ)(𝓊̇), 𝜗(ℭ1ℒ⋂ ℭ2ℒ)(𝓊̇) ≥  𝜗(ℭ1ℒ)(𝓊̇)  

  𝜁(ℭ1ℒ)(𝓊̇)  𝜁(ℭ1ℒ  ⋂ ℭ2ℒ)(𝓊̇) =  𝜁(ℭ1ℒ)(𝓊̇) 

     𝜄(ℭ1ℒ)(𝓊̇)  ι(ℭ1ℒ  ⋂ ℭ2ℒ)(𝓊̇) =  ι(ℭ1ℒ  ⋃ ℭ2ℒ)(𝓊̇) ≤  𝜄(ℭ1ℒ)(𝓊̇) 𝜗(ℭ1ℒ)(𝓊̇)  𝜗(ℭ1ℒ  ⋂ ℭ2ℒ)(𝓊̇)  =  𝜗(ℭ1ℒ)(𝓊̇) 

 

 ⇒         𝜁(ℭ1ℒ  ⋃ (ℭ1ℒ ⋂ ℭ2ℒ))(𝓊̇)  = 𝜁(ℭ1ℒ)(𝓊̇), ι(ℭ1ℒ  ⋃ (ℭ1ℒ  ⋂ ℭ2ℒ))(𝓊̇)  ≤  𝜄(ℭ1ℒ)(𝓊̇), 𝜗(ℭ1ℒ  ⋃ (ℭ1ℒ  ⋂ ℭ2ℒ)(𝓊̇)  =  𝜗(ℭ1ℒ)(𝓊̇) 

 

Thus, ℭ1ℒ  ⋃ (ℭ1ℒ⋂ ℭ2ℒ) ⊆  ℭ1ℒ. 

 

The proof is comparable to (i). 

Definition 3.22: Let ℭ1ℒ , ℭ2ℒ ∈ 𝐿𝑉𝑃𝐹𝑆(℘). The difference between ℭ1ℒ and ℭ2ℒ, denoted by ℭ1ℒ\ℭ2ℒ is defined as ℭ1ℒ\ℭ2ℒ  =  {〈 𝓊̇, 𝜁(ℭ1ℒ\ℭ2ℒ)(𝓊̇), 𝜄(ℭ1ℒ\ℭ2ℒ)(𝓊̇), 𝜗(ℭ1ℒ\ℭ2ℒ)(𝓊̇)〉 | 𝓊̇ ∈ ℘} where  𝜁(ℭ1ℒ\ℭ2ℒ)(𝓊̇)  =  𝜁(ℭ1ℒ)(𝓊̇)  𝜗(ℭ2ℒ)(𝓊̇),                                                                                      (26) 

  ι(ℭ1ℒ\ℭ2ℒ)(𝓊̇)  =  𝜄(ℭ1ℒ)(𝓊̇)  ι(ℭ2ℒ)(𝓊̇),                                                                                       (27) 𝜗(ℭ1ℒ\ℭ2ℒ)(𝓊̇)   =  𝜗(ℭ1ℒ)(𝓊̇)  𝜁(ℭ2ℒ)(𝓊̇).                                                                                     (28) 
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Theorem 3.23: Let ℭ1ℒ , ℭ2ℒ ∈ 𝐿𝑉𝑃𝐹𝑆(℘). Then,  

i. ℭ1ℒ\ 𝐼ℒ =  𝑂ℒ                                    (29) 

ii. ℭ1ℒ\ℭ2ℒ  =  ℭ1ℒ  ⋂ ℭ2ℒ𝑐                                    (30) 

 

Proof: 

1. ℭ1ℒ\ 𝐼ℒ = {〈 𝓊̇, 𝜁(ℭ1ℒ)(𝓊̇), 𝜄(ℭ1ℒ)(𝓊̇), 𝜗(ℭ1ℒ)(𝓊̇) 〉 | 𝓊̇ ∈ 𝒰̇} \ {〈 𝓊̇, 1ℒ , 0ℒ , 0ℒ 〉 | 𝓊̇ ∈ ℘} 

    = {〈 𝓊̇, 𝜁(ℭ1ℒ)(𝓊̇)  0ℒ , 𝜄(ℭ1ℒ)(𝓊̇)  0ℒ , 𝜗(ℭ1ℒ)(𝓊̇)  1ℒ〉 | 𝓊̇ ∈ ℘} 

    = {〈 𝓊̇, 0ℒ , 0ℒ , 1ℒ  〉 | 𝓊̇ ∈ ℘} 

    =  𝑂ℒ  

2. ℭ1ℒ⋂ ℭ2ℒ𝑐  =  {〈 𝓊̇, 𝜁(ℭ1ℒ)(𝓊̇), 𝜄(ℭ1ℒ)(𝓊̇), 𝜗(ℭ1ℒ)(𝓊̇) 〉 | 𝓊̇ ∈ ℘} ⋂                         {〈 𝓊̇, 𝜗(ℭ2ℒ) (𝓊̇), 𝜄(ℭ2ℒ)(𝓊̇), 𝜁(ℭ2ℒ)(𝓊̇) 〉 | 𝓊̇ ∈ ℘} 

            =  {〈 𝓊̇, 𝜁(ℭ1ℒ)(𝓊̇)  𝜗(ℭ2ℒ) (𝓊̇), 𝜄(ℭ1ℒ)(𝓊̇)  𝜄(ℭ2ℒ)(𝓊̇), 𝜗(ℭ1ℒ)(𝓊̇)   𝜁(ℭ2ℒ)(𝓊̇)〉 | 𝓊̇ ∈ ℘}  
            =  ℭ1ℒ\ℭ2ℒ 

 

Definition 3.24: Let” ℭ1ℒ , ℭ2ℒ ∈ 𝐿𝑉𝑃𝐹𝑆(℘). The symmetric difference between ℭ1ℒ and ℭ2ℒ is defined as ℭ1ℒ  ∆ ℭ2ℒ =  {〈 𝓊̇, 𝜁(ℭ1ℒ  ∆ ℭ2ℒ)(𝓊̇), 𝜄(ℭ1ℒ  ∆ ℭ2ℒ)(𝓊̇), 𝜗(ℭ1ℒ  ∆ ℭ2ℒ)(𝓊̇)〉 | 𝓊̇ ∈ ℘} where   

        𝜁(ℭ1ℒ  ∆ ℭ2ℒ)(𝓊̇)  =  (𝜁(ℭ1ℒ)(𝓊̇)   𝜗(ℭ2ℒ)(𝓊̇))  (𝜁(ℭ2ℒ)(𝓊̇)  𝜗(ℭ1ℒ)(𝓊̇)),  (31) 

 ι(ℭ1ℒ  ∆ ℭ2ℒ)(𝓊̇)  =  𝜄(ℭ1ℒ)(𝓊̇)  ι(ℭ2ℒ)(𝓊̇),  (32) 

           𝜗(ℭ1ℒ  ∆ ℭ2ℒ)(𝓊̇)  =  (𝜗(ℭ1ℒ)(𝓊̇)  𝜁(ℭ2ℒ)(𝓊̇))   (𝜗(ℭ2ℒ)(𝓊̇)  𝜁(ℭ1ℒ)(𝓊̇)) .  (33) 

 

Theorem 3.25: Let ℭ1ℒ , ℭ2ℒ ∈ 𝐿𝑉𝑃𝐹𝑆(℘). Then,  

1. ℭ1ℒ  ∆ ℭ2ℒ  =  ℭ2ℒ  ∆ ℭ1ℒ                              (34) 

2. ℭ1ℒ  ∆ ℭ2ℒ  =  (ℭ1ℒ\ℭ2ℒ) ⋃ (ℭ2ℒ\ℭ1ℒ)                           (35) 

 

Proof: 

1. The proof is clear. 

2. (ℭ1ℒ\ℭ2ℒ) ⋃ (ℭ2ℒ\ℭ1ℒ) 

  =  {〈 𝓊̇, 𝜁(ℭ1ℒ)(𝓊̇)  𝜗(ℭ2ℒ)(𝓊̇), 𝜄(ℭ1ℒ)(𝓊̇)  𝜄(ℭ2ℒ)(𝓊̇), 𝜗(ℭ1ℒ)(𝓊̇)   𝜁(ℭ2ℒ)(𝓊̇)〉| 𝓊̇ ∈ ℘} ⋃    
   {〈 𝓊̇, 𝜁(ℭ2ℒ)(𝓊̇)  𝜗(ℭ1ℒ)(𝓊̇), 𝜄(ℭ2ℒ)(𝓊̇)  𝜄(ℭ1ℒ)(𝓊̇), 𝜗(ℭ2ℒ)(𝓊̇)   𝜁(ℭ1ℒ)(𝓊̇)〉 | 𝓊̇ ∈ ℘} 

  =  {〈 𝓊̇, ( 𝜁(ℭ1ℒ)(𝓊̇)  𝜗(ℭ2ℒ)(𝓊̇))  (𝜁(ℭ2ℒ)(𝓊̇)  𝜗(ℭ1ℒ)(𝓊̇)),  
   ( 𝜄(ℭ1ℒ)(𝓊̇)  𝜄(ℭ2ℒ)(𝓊̇))  (𝜄(ℭ2ℒ)(𝓊̇)  𝜄(ℭ1ℒ)(𝓊̇)), 
   (𝜗(ℭ1ℒ)(𝓊̇)   𝜁(ℭ2ℒ)(𝓊̇))  (𝜗(ℭ2ℒ) (𝓊̇)   𝜁(ℭ1ℒ)(𝓊̇))〉 | 𝓊̇ ∈ ℘} 

  =  {〈 𝓊̇, ( 𝜁(ℭ1ℒ)(𝓊̇)  𝜗(ℭ2ℒ)(𝓊̇))  (𝜁(ℭ2ℒ)(𝓊̇)  𝜗(ℭ1ℒ)(𝓊̇)), ( 𝜄(ℭ1ℒ)(𝓊̇)  𝜄(ℭ2ℒ)(𝓊̇)),    
   (𝜗(ℭ1ℒ)(𝓊̇)   𝜁(ℭ2ℒ)(𝓊̇))  (𝜗(ℭ2ℒ)(𝓊̇)  𝜁(ℭ1ℒ)(𝓊̇))〉 | 𝓊̇ ∈ ℘} 

  =  ℭ1ℒ ∆ ℭ2ℒ 

 

IV. CONCLUSION 

 

The LVPFS has been described and the properties of set operations are studied in this article. The work can be extended 

to address issues with decision making. 
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